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In this paper, the stress intensity factor solutions for spot welds in U-shape specimens are investigated by
ﬁnite element analyses. Three-dimensional ﬁnite element models are developed for U-shape specimens
to obtain accurate stress intensity factor solutions. In contrast to the existing investigations of the stress
intensity factor solutions based on the ﬁnite element analyses, various ratios of the sheet thickness, half
specimen width, half specimen length, and corner radius to the nugget radius are considered in this
investigation. The computational results conﬁrm the functional dependence on the nugget radius and
sheet thickness of Zhang’s analytical solutions. The computational results provide a geometric function
in terms of the normalized half specimen width, normalized half specimen length, and normalized corner
radius to Zhang’s analytical solutions. The computational results also provide a geometric function in
terms of the aspect ratio of the specimen to complete Lin and Pan’s analytical solution. Finally, based
on the analytical and computational results, the dimensions of U-shape specimens are suggested.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Resistance spot welding is widely used to join sheet metals for
automotive components. The fatigue lives of spot welds have been
investigated by many researchers in various types of specimens,
for example, see Zhang (1999). Since the spot weld provides a nat-
ural crack or notch along the weld nugget circumference, fracture
mechanics has been adopted to investigate the fatigue lives of spot
welds in various types of specimens based on the stress intensity
factor solutions at the critical locations of spot welds. In engineer-
ing applications, the stress intensity factor or equivalent stress
intensity factor at the critical locations of spot welds can be di-
rectly used to correlate the experimental results of spot welds un-
der cyclic loading conditions without considerations of the fatigue
crack propagation, see Zhang (1997, 2001) and Radaj et al. (2006).
Asdiscussed inSwellametal. (1992), the fatigue failureprocessof
the spotweld canbe divided into three stages. Stage I corresponds to
the crack initiation and growth as kinked cracks emanating from the
critical locations of the main crack (original crack) along the nugget
circumference up to about 18% of the sheet thickness. Stage II corre-
sponds to the crack propagation through the sheet thickness. Stage
III corresponds to the crack propagation through the width of spec-
imens. Note that the fatigue life of a spot weld is in general domi-
nated by stages I and II of the fatigue failure process. Accordingly,ll rights reserved.
25; fax: +886 5 272 0589.stress intensity factor solutions for the kinked crack are needed to
estimate the fatigue life based on the linear elastic fracturemechan-
ics. Forkinkedcracks,Bilbyet al. (1977)andCotterell andRice (1980)
indicated that the stress intensity factors for thekink crackwithvan-
ishingkink lengthcouldbeexpressedas closed-formfunctionsof the
kink angle and the stress intensity factors for the main crack. Based
on the engineering approach of Newman and Dowling (1998), the
fatigue life of spot weld can be estimated based on the assumption
that the stress intensity factors for thekinkedcrack remain relatively
constant as the kinked crack grows through the sheet thickness.
Therefore, accurate stress intensity factor solutions for the main
crack are also essential parameters for the fatigue life estimation of
the spot weld.
For the main crack, Pook (1975, 1979) gave the maximum stress
intensity factor solutions for spot welds in lap-shear specimens,
coach-peel specimens, circular plates and other bending dominant
plate and beam specimens. Swellam et al. (1994) proposed a stress
index Ki by modifying their stress intensity factor solutions to cor-
relate their experimental results for various types of specimens.
Zhang (1997, 1999, 2001) obtained the stress intensity factor solu-
tions for spot welds in various types of specimens in order to cor-
relate the experimental results of spot welds in these specimens
under cyclic loading conditions. Recently, Lin et al. (2007) devel-
oped a new analytical solution for a ﬁnite square plate with a rigid
inclusion under counter bending conditions. The new analytical
solution can be used successfully to model the mode I stress inten-
sity factor solutions for spot welds in lap-shear specimens from the
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presented the theoretical framework and closed-form stress inten-
sity factor solutions in terms of structural stresses for spot welds
under various types of loading conditions. Lin and Pan (2008b)
then adopted the analytical solutions from Lin and Pan (2008a)
to derive new closed-form structural stress and stress intensity
factor solutions for spot welds in lap-shear, square-cup, U-shape,
cross-tension and coach-peel specimens.
Note that not only the stress intensity factors but also the T-stress
has signiﬁcant effects on the crack growth behaviors (Irwin, 1957;
Williams, 1957). Larrson and Carlsson (1973) presented the inﬂu-
ence of the T-stress on the size and shape of the plastic zone at the
crack tip by numerical computations. Rice (1974) also indicated that
the T-stress has signiﬁcant effects on the direction of the crack
growth path and can be considered as a second crack tip parameter.
However, for the fatigue analyses of spot welds, the fatigue crack
growth behaviors strongly depends on not only the T-stress but also
the material inhomogeneity and residual stress near the nugget.
Zhang (2001) indicated that the correlation between the T-stress
and the fatigue behaviors of spot welds is still not well examined
and the T-stress has not beenwidely used for the fatigue assessment
of spotwelds in the industry. Lazzarinetal. (2009) suggested that the
T-stress together with other effects may suggest the introduction of
an empirical correction factor for the stress intensity factor solu-
tions. Therefore, only the investigation of the dominant crack tip
parameter, the stress intensity factors, is considered in this paper.
Further investigation of the T-stress effect on the fatigue behaviors
of spot welds is needed in the future.
In order to obtain accurate stress and strain distributions and/or
stress intensity factor solutions for spot welds in various speci-
mens, ﬁnite element analyses have been carried out by various
investigators (Kan, 1976; Atzori et al., 1988; Radaj et al., 1990; Sa-
toh et al., 1991; Deng et al., 2000; Pan and Sheppard, 2002, 2003;
Wang et al., 2005a,b). Kan (1976) proposed a simpliﬁed model of a
lap-shear specimen and conducted a two-dimensional elastic–
plastic ﬁnite element analysis based on the cyclic stress–strain
curves for the sheet material to obtain the local strain distribution
near the spot weld to characterize the fatigue failure mode. Atzori
et al. (1988) conducted three-dimensional and two-dimensional
linear-elastic ﬁnite element analyses to investigate the effects of
the spot weld density on the stress distributions in/near spot welds
in lap-shear specimens and correlate the computational results to
the fatigue behaviors of spot welds. Radaj et al. (1990) used a sim-
pliﬁed ﬁnite element model where plate and brick elements are
used for sheets and spot welds, respectively, to obtain the stress
intensity factor solutions along the nugget circumference for the
main cracks in various specimens. Satoh et al. (1991) conducted
three-dimensional elastic and elastic–plastic ﬁnite element analy-
ses to investigate the stress and strain distributions in the symme-
try plane near spot welds in lap-shear specimens to identify the
fatigue crack initiation sites under high-cycle and low-cycle fatigue
loading conditions. Deng et al. (2000) conducted elastic and elas-
tic–plastic three-dimensional ﬁnite element analyses to investi-
gate the stress ﬁelds in and near the nuggets in lap-shear and
symmetrical coach peel specimens to understand the effects of
the nugget size and sheet thickness on the interface and nugget
pull out failure modes. Pan and Sheppard (2002) also used a
three-dimensional elastic–plastic ﬁnite element analysis to corre-
late the fatigue lives of spot welds to the cyclic plastic strain ranges
for the material elements near the main notch in lap-shear speci-
mens and modiﬁed coach-peel specimens. Pan and Sheppard
(2003) conducted a three-dimensional ﬁnite element analysis to
investigate the critical local stress intensity factor solutions for
kinked cracks with a nearly elliptical shape emanating from the
main notch along the nugget circumference in lap-shear specimens
and modiﬁed coach-peel specimens. Wang et al. (2005a,b) ob-tained the stress intensity factor solutions for spot welds in
lap-shear and square-cup specimens with the analytical solutions
of Pook (1979) for circular-cup specimens and the new analytical
solutions of Lin et al. (2007) for lap-shear specimens.
Fig. 1 schematically shows three types of U-shape specimens,
typical U-shape specimen, double-U specimen and Chrysler speci-
men, commonly used to investigate the strength and fatigue lives
of spot welds under opening or opening/shear loading conditions.
Theweldnugget is idealizedasacircular cylinderas shownin theﬁg-
ure. The applied opening force F/2 is shown as the bold arrows. The
critical locations with the maximummode I stress intensity factors
are marked as point A and point B. The U-shape specimen has the
sheet thickness t, the nugget diameter 2a, the specimen width 2W,
the specimen length 2L, the ﬂange height H, and the corner radius r
as shown in Fig. 1. As shown in Fig. 1(a), a U-shape specimen with
L =W is denoted as the typical U-shape specimen in the standard
of AWS (2000). As shown in Fig. 1(b), a U-shape specimenwith long-
er specimenwidth 2W is denoted as the double-U specimen inHahn
et al. (2000). As shown in Fig. 1(c), a U-shape specimen with longer
specimen length 2L is denoted as the Chrysler specimen in Lee
et al. (1998). As shown in Fig. 1(b) and (c), a square area located at
the center of the bottom and top sheets of the U parts, marked by
dash lines, is denoted as the central square portion of the specimen
in this paper. The width of the central square portion is 2L for dou-
ble-U specimens and 2W for Chrysler specimens.
According to thestandardofAWS(2000)and the researchworkof
Lee et al. (1998), two cuboidal spacers are inserted inside the upper
and lower U parts of the specimen and then two pairs of ﬁxtures,
grips or bolts are used to clamp the ﬂanges of the specimen to apply
the opening load during testing as shown in Fig. 2. Fig. 2 schemati-
cally shows a U-shape specimen with two spacers. The two shaded
blockswith thewidth 2W, the length 2L, the heightH and the corner
radius r inserted inside theUparts represent the twospacers. Theap-
pliedopening force F is shownas thebold arrows.Note that the spac-
ersareused toconstrain thedeformationof theﬂangesand toapplya
constant counter bending moment along the right and left edges of
the bottom and top sheets of the U parts during testing.
In this paper, the stress intensity factor solutions for spotwelds in
U-shape specimens are investigated by a systematic ﬁnite element
analysis. Three-dimensional ﬁnite element models based on the
ﬁnite element model for two circular plates with connection (Wang
et al., 2005a) are used to obtain the stress intensity factor solutions
for U-shape specimens. The stress intensity factor solutions as func-
tions of the ratios t/a, W/a, L/a, and r/a are investigated. The stress
intensity factor solutions of these computational results are com-
paredwith some existing computational and closed-form analytical
stress intensity factor solutions for U-shape specimens. A geometric
function in terms of the ratiosW/a,L/a, and r/a based on the compu-
tational results is suggested to the stress intensity factor solutions
proposedbyZhang (2001). In addition, a geometric function in terms
of the ratio L/W obtained from the computational results is used to
complete the stress intensity factor solutions proposed by Lin and
Pan (2008b).
2. Stress intensity factor solutions
Zhang (2001) obtained the stress intensity factor KI solutions at
the critical locations (point A and point B as shown in Fig. 1) for
double-U specimens and Chrysler specimens as
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Fig. 1. Schematic plots of three types of U-shape specimens: (a) typical U-shape specimen, (b) double-U specimen and (c) Chrysler specimen. The applied opening force F/2 is
shown as the bold arrows. The weld nugget is idealized as a circular cylinder. The critical locations with the maximum mode I stress intensity factors are marked as point A
and point B.
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the nugget radius, t is the sheet thickness, nD is the geometric factor
for double-U specimens as listed in Table 1 and nC is the geometric
factor for Chrysler specimens as listed in Table 2. Table 1 lists the
values of the geometric factor nD for double-U specimens with dif-
ferent ratios of L/a. Table 2 lists the values of the geometric factor nC
for Chrysler specimens with different ratios of W/a. Zhang (2001)
indicated that the KI solution for double-U specimens in Eq. (1) is
applicable as 3 6 L/a 6 7 and WP L. The KI solution for Chrysler
specimens in Eq. (2) is applicable as 3 6W/a 6 7 and LPW. Note
that although the KI solutions in Eqs. (1) and (2) are developed for
the double-U and Chrysler specimens, respectively, these two solu-
tions also can be used for the typical U-shape specimen with care-
fully selected geometric factors. Also note that these solutions wereobtained from the closed-form stress solutions for an inﬁnite plate
with a rigid inclusion under central bending conditions and J inte-
gral formulation. In general, the inﬁnite plate model has a geometry
of a square plate. Therefore, the two geometric factors nD and nC are
needed to consider the effects of L/a andW/a on the KI solutions for
double-U and Chrysler specimens, respectively. The functional
forms of the KI solutions of Zhang (2001) with the geometric factors
should be valid for U-shape specimens of thin sheets with ﬁnite
ratios of W/a and L/a.
Note that Zhang (2001) approximated the counter opening load
for the rigid inclusion by a center bending load, namely, a moment
applied to the rigid inclusion, to obtain the stress solutions for the
derivation of the KI solution. In contrast to the approximate ap-
proach of Zhang (2001), Lin and Pan (2008b) considered another
Fig. 2. A schematic plot of a U-shape specimen with two spacers. The two shaded
blocks with the width 2W, the length 2L, the height H and the corner radius r
inserted inside the U parts represent the spacers. The applied opening force F is
shown as the bold arrows.
Table 1
Values of geometric factor nD for double-U specimens (Zhang, 2001).
L/a 3 4 5 6 7
nD 1.571 1.428 1.285 1.143 1.0
Table 2
Values of geometric factor nC for Chrysler specimens (Zhang, 2001).
W/a 3 4 5 6 7
nC 1.68 1.47 1.26 1.06 0.94
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mens. The KI solution of Lin and Pan (2008b) were obtained from
the closed-form stress solutions for a rigid inclusion in a ﬁnite
square plate under opening, cross opening/closing and counter
bending conditions, as schematically shown in Fig. 3, and the J inte-
gral formulation. Fig. 3 schematically shows the decomposition of
the load of the central square part of a typical U-shape specimen in
Fig. 1(a) or that of a Chrysler specimen, marked by dashed lines in
Fig. 1(c). Here, the KI solution at the critical locations (point A and
point B as shown in Fig. 1) for U-shape specimens with ﬁnite size
under opening conditions is given asKI ¼ 2
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where m is the Poisson’s ratio of the sheet material. In Eq. (3),eMx0y0 ð¼ F=16Þ is the uniform distributed twisting moments per unit
length. eMbð¼ FðLWÞ=4WÞ is the additional counter bending mo-
ment per unit length due to longer bottom and top sheets of the
upper and lower U parts as shown in Fig. 3. eMc is the counter bend-
ing moment per unit length caused by the constraint of the ﬂanges
as shown in Fig. 3 and is given as
eMc ¼ gc F½a2 W 02 þ 2a2 lnðW 0=aÞ4pða2 W 02Þ þ hc eMb2 ð5Þ
where gc is a geometric factor which is a function of the sheet thick-
ness t, the specimen width 2W, the specimen length 2L, and the
constraint condition of the ﬂange and hc is another geometric
parameter which is applicable when L >W. When the ﬂanges of
the specimens give full constraint and no constraint, the values of
gc for L =W and hc for L >W are both deﬁned as 0 and 1, respec-
tively. However, when the ﬂanges do not give a full constraint, spe-
ciﬁc values of gc and hc are needed. Lin and Pan (2008b) indicated
that the KI solution for U-shape specimens with ﬁnite size is appli-
cable as LPW, which can be considered as an alternative to
Zhang’s KI solution for Chrysler specimens after gc and hc are well
determined in the following. The details of the validation of the KI
solution in Eq. (3), (4) and (5) are reported in Lin and Pan (2008b).
3. Finite element analyses
In order to obtain accurate stress intensity factor solutions for
spot welds in U-shape specimens and to systematically examine
the validity of the stress intensity factor solutions of Zhang
(2001) and Lin and Pan (2008b), three-dimensional ﬁnite element
analyses are carried out. Note that a ﬁnite element analysis for U-
shape specimens was carried out in Radaj et al. (1990) for speciﬁc
ratios of the sheet thickness to the nugget radius, t/a, the half spec-
imen width to the nugget radius, W/a, the half specimen length to
the nugget radius, L/a, the ﬂange height to the nugget radius, H/a,
and the corner radius to the nugget radius, r/a. No systematic
investigation of the effects of t/a,W/a, L/a, H/a and r/a on the stress
intensity factor solutions for U-shape specimens exists in the liter-
ature. Therefore, the well-benchmarked ﬁnite element models
developed by Wang et al. (2005a) are used in this investigation.
The ﬁnite element models for U-shape specimens are evolved from
the three-dimensional ﬁnite element model for two circular plates
with connection where a mesh sensitivity study was carried out to
benchmark based on Pook’s analytical solution (1979) under axi-
symmetric loading conditions (Wang et al., 2005a). The details to
select an appropriate three-dimensional mesh for obtaining accu-
rate stress intensity factor solutions for spot welds can be found
in Wang et al. (2005a).
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Fig. 4(a) schematically shows a half U-shape specimen with spac-
ers subjected to a uniform displacement along the upper edges of
the specimen shown as the bold arrows, clamped boundary condi-
tions along the lower edges of the specimen and roller edge bound-
ary conditions on the inner surfaces of the ﬂanges. The half
cylinder represents the half weld nugget. The specimen has the
sheet thickness t (=0.65 mm), the half specimen length L
(=12.7 mm), the half specimen width W (=12.7 mm), the ﬂange
height H (=25.4 mm), the corner radius r (=0 mm) and the nugget
radius a (=3.2 mm) based on the standard of AWS (2000). Both
the upper and lower sheets have same thickness. A Cartesian coor-
dinate system is also shown in the ﬁgure. As shown in Fig. 4(a), a
uniform displacement is applied in the – z direction to the upper
edge surfaces of the specimen, and the displacements in the x, y
and z directions for the lower edge surfaces of the specimen are
constrained to represent the clamped boundary conditions in the
experiment. The displacement in the y direction of the symmetry
plane, the x–z plane, is constrained to represent the symmetry con-
dition due to the loading conditions and the specimen geometry.
The displacement in the x direction of the inner surfaces of theﬂanges is constrained to represent the constraint conditions of
the spacers as shown in Fig. 2.
Fig. 4(b) shows a mesh for a left quarter ﬁnite element model.
Fig. 4(c) shows a close-up view of the mesh near the main crack
tip. Note that the main crack is modeled as a sharp crack here.
The three-dimensional ﬁnite element mesh near the weld nugget
is evolved from the three-dimensional ﬁnite element mesh for
two circular plates with connection as discussed in Wang et al.
(2005a). As shown in Fig. 4(c), the mesh near the center of the weld
nugget is reﬁned to ensure reasonable aspect ratios of the three-
dimensional brick elements. The three-dimensional ﬁnite element
model for the half U-shape specimen has 25,240 20-node quadratic
brick elements. The main crack surfaces are shown as bold lines in
Fig. 4(c).
In this investigation, the weld nugget and the base metal are
assumed to be linear elastic isotropic materials. The Young’s mod-
ulus E is taken as 200 GPa, and the Poisson’s ratio m is taken as 0.3.
The commercial ﬁnite element program ABAQUS (Hibbitt et al.,
2001) is employed to perform the computations. Brick elements
with quarter point nodes and collapsed nodes along the crack front
are used to model the 1=
ﬃﬃ
r
p
singularity near the crack tip.
Fig. 4. (a) A schematic plot of a half U-shape specimen subjected to a uniform displacement applied to the upper edge surfaces of the specimen shown as the bold arrows,
clamped boundary conditions along the lower edges of the specimen and roller edge boundary conditions along the inner surfaces of the ﬂanges. The half cylinder represents
the half weld nugget. (b) A mesh for a left quarter ﬁnite element model. (c) A close-up view of the mesh near the main crack tip.
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along the circumference of the nugget are investigated here.
Fig. 5 shows a top view of a nugget with a cylindrical coordinate
system centered at the nugget center. The location of points A, B,
C and D are 0, 180, 90 and 270with respect to the x axis, respec-
tively. Fig. 6 shows the normalized KI solutions as functions of h for
the crack front along the nugget circumference based on the three-
dimensional ﬁnite element computational results for a U-shape
specimen with t/a = 0.2, W/a = 3.97, L/a = 3.97, H/a = 7.94, and r/
a = 0. Based on the standard of AWS (2000), the U-shape specimen
should be constrained by spacers during testing. The computa-tional results, denoted as KI , are normalized by the maximum of
the KI solution for the U-shape specimen, denoted by (KI)max. As
shown in Fig. 6, the maxima of the KI solutions are located at point
A (h = 0) and point B (h = 180) and the minima of the KI solutions
are located at point C (h = 90) and point D (h = 270). The distribu-
tions of the stress intensity factor solutions along the circumfer-
ence of the nugget as shown in Fig. 6 are similar to those in
Radaj et al. (1990).
Next, the effects of the boundary conditions on the right and left
edge surfaces of the bottom and top sheets of the upper and lower
U parts of the specimen are investigated. Two U-shape specimens
AB
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D
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y
z
θ
r
Fig. 5. A top view of a nugget with a cylindrical coordinate system centered at the
nugget center. The location of points A, B, C and D are 0, 180, 90 and 270 with
respect to the x axis, respectively.
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Fig. 6. The normalized KI solutions as functions of h for the crack front along the
nugget circumference based on the three-dimensional ﬁnite element computa-
tional results for a U-shape specimen with t/a = 0.2, W/a = 3.97, L/a = 3.97, H/
a = 7.94, and r/a = 0.
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ent types of boundary conditions are considered together. Fig. 7(a)
schematically shows a half U-shape specimen with spacers sub-
jected to a uniform displacement along the upper edges of the
specimen, shown as the bold arrows, clamped boundary conditions
along the lower edges of the specimen and roller edge boundary
conditions on the inner surfaces of the ﬂanges. Fig. 7(b) schemati-
cally shows a half U-shape specimen without spacers subjected to
a uniform displacement along the upper edges of the specimen
shown as the bold arrows and clamped boundary conditions along
the lower edges of the specimen. In contrast to the specimen with
spacers in Fig. 7(a), the inner surfaces of the ﬂanges for the speci-
men without spacers are free. Fig. 7(c) schematically shows a
square plate model of two square plates joint by a spot weld sub-
jected to a uniform displacement along the right and left edges of
the upper plate and simply supported edge boundary conditions
along the right and left edges of the lower plate. Fig. 7(d) shows
a square plate model of two square plates joint by a spot weldsubjected to a uniform displacement along the right and left edges
of the upper plate, simply supported edge boundary conditions
along the right and left edges of the lower plate, and roller edge
boundary conditions along the right and left edges of the upper
and lower plates. The square plate model represents the bottom
and top sheets of the upper and lower U parts. Note that the roller
edge boundary condition gives full constraint and the simply sup-
ported edge boundary condition gives no constraint.
Fig. 8 shows the normalized KI solutions as functions of h for the
crack front along the nugget circumference based on the three-
dimensional ﬁnite element computations for a U-shape specimen
with spacers as shown in Fig. 7(a), a U-shape specimen without
spacers as shown in Fig. 7(b), a square plate model with simply
supported edge boundary conditions as shown in Fig. 7(c), and a
square plate model with roller edge boundary conditions as shown
in Fig. 7(d), denoted as KI Spacer;KI NoSpacer;KI Simple, and
KI Roller, respectively. The computational results are normalized
by the maximum of the KI solution for U-shape specimens with
spacers, denoted by (KI_Spacer)max. The square plate models have
t/a = 0.2, W/a = 3.97, and L/a = 3.97. The U-shape specimens here
are identical to that in Fig. 6.
As shown in Fig. 8, the general trends of KI NoSpacer;KI Roller
and KI Simple agree well with that of KI Spacer. Note that
KI Roller virtually coincides with KI Spacer. This indicates that the
ﬂanges of the specimen with spacers can be considered as the roll-
er edge boundary condition and give full constraint to the right and
left edges of the bottom and top sheets of the U-parts. Also note
that the square plate model of KI Roller can be considered as a U-
shape specimen with the ﬂange height H = 0. Compared KI Roller
and KI Spacer, the result indicates that the effects of the ﬂange
height on the KI solutions appear to be negligible for specimens
with spacers. On the other hand, the maxima of KI NoSpacer are
smaller than those of KI Simple but larger than those of KI Spacer
and KI Roller. As discussed earlier, the simply supported edge
boundary condition gives no constraint. This indicates that the
ﬂanges of the specimen without spacers give relative low con-
straint compared to those of the specimen with spacers or the roll-
er edge boundary condition. Based on the computational results,
the spacers or the clamping conditions along the right and left
edges of the lower and upper sheets of the U parts show signiﬁcant
effects on the stress intensity factor solutions of the U-shape
specimen.
3.1. Normalized sheet thickness t/a
Here, the effects of t/a on the mode I stress intensity factor solu-
tions at the critical locations (point A and point B as shown in
Fig. 1) for the U-shape specimens with the ratios of W/a = 3.97,
L/a = 3.97, H/a = 7.94 and r/a = 0 based on the standard of AWS
(2000) are investigated. Note that the maximummagnitudes of the
KI solution occur at point A and point B as shown in Fig. 1. Different
three-dimensional ﬁnite elementmodels aredevelopedby changing
the sheet thickness twith the nugget radius a being ﬁxed at 3.2 mm.
Fig. 9 shows the normalized KI solutions at the critical locations
(point A and point B as shown in Fig. 1) as functions of t/a based on
the three-dimensional ﬁnite element computations, the analytical
solution of Zhang (2001) for double-U specimens in Eq. (1), the ana-
lytical solutionof Zhang (2001) for Chrysler specimens in Eq. (2), and
the analytical solution of Lin and Pan (2008b) in Eq. (3) under the ap-
plied load F. The KI solutions are normalized by Zhang’s solution in
Eq. (1) without geometric factor nD, denoted by K

I . The normalized
KI solutions based on the computational results, the analytical solu-
tions of Zhang (2001) for double-U specimens and Chrysler speci-
mens, and the analytical solution of Lin and Pan (2008b) are
denotedas eKI FEM; eKI DoubleU; eKI Chrylser, and eKI Lin&Pan, respec-
tively. The range of the ratio t/a is selected from 0.08 to 0.80 to
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industry. Note that for the U-shape specimens here, the values of
nD for eKI DoubleU and nC for eKI Chrylser are 1.44 and 1.49 obtained
from Tables 1 and 2, respectively, by using the interpolation ap-
proach. The values of gc and hc in Eq. (5) for eKI Lin&Pan are 1.0 and
0, respectively, for U-shape specimens with spacers. As shown in
Fig. 9, eKI FEM basedon the three-dimensionalﬁnite elementcompu-
tations slowly increaseswhen t/a increases and then levels off when
t/a is greater than 0.5. The general trends of eKI DoubleU; eKI Chrylser,
and eKI Lin&Pan agree well with that of eKI FEM. As shown in the
ﬁgure, eKI DoubleU; eKI Chrylser and eKI Lin&Pan are identically 1.44,
1.49, and 1.75, respectively. eKI FEM is nearly 23%, 21% and 7% higher
than eKI DoubleU; ~KI Chrylser, and eKI Lin&Pan, respectively.
Although eKI FEM shows a slight dependence on t/a, the compu-
tational results still conﬁrm the functional dependence of eKI Double
U; eKI Chrylser and eKI Lin&Pan on the sheet thickness t and the nug-
get radius a. Consequently, both the analytical solutions of Zhang
(2001) and Lin and Pan (2008b) can be used as the basis to express
the KI solution for U-shape specimens. However, the geometric fac-
tors gc and hc in the analytical solution of Lin and Pan (2008b) are not
well determined. Therefore, the analytical solutions of Zhang (2001)
without geometric factors will be later used as the basis to express
the KI solution for U-shape specimens.
Note that Zhang (2001) adopted two geometric factors nD and nC
to consider the effects of the specimen length L and specimen
width W on the KI solutions of double-U and Chrysler specimens,
t/a
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Fig. 9. The normalized KI solutions at the critical locations (point A and point B as
shown in Fig. 1) as functions of t/a based on the three-dimensional ﬁnite element
computations and the analytical solutions for U-shape specimens. The normalized
KI solutions based on the ﬁnite element computations, the analytical solution of
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from double-U specimens with various ratios of L/a and speciﬁc ra-
tios of W/a, H/a and r/a. Similarly, nC listed in Table 2 appears to be
obtained from Chrysler specimens with various ratios of W/a and
speciﬁc ratios of L/a,H/a and r/a. Obviously, the effects of the spec-
imen length L, specimen width W, ﬂange height H, and corner ra-
dius r are not considered together in either of the solutions. For a
U-shape specimen with ﬁnite ratios of W/a,L/a,H/a and r/a, a devi-
ation from the analytical solutions of Zhang (2001) is possible.
Note that the effects of the ﬂange height H on the KI solutions for
U-shape specimens can be negligible as discussed earlier. There-
fore, the KI solution for a U-shape specimen with ﬁnite ratios of
W/a, L/a, and r/a can be written as
ðKIÞUshape ¼ FIðW=a; L=a; r=aÞ
0:637FðL aÞ
2
ﬃﬃﬃ
3
p
at
ﬃﬃ
t
p ð6Þ
where FI is a geometric factor which is a function of W/a, L/a, and
r/a. FI can be considered as a modiﬁed geometric factor for the ana-
lytical solutions of Zhang (2001). Here, for the geometry of the spec-
imens with t/a = 0.20, W/a = 3.97, L/a = 3.97 and r/a = 0 considered
in this investigation, the value of FI is 1.90 which is about 23%
and 20% higher than those of nD and nC in the analytical solutions
of Zhang (2001), respectively. Therefore, the geometric factor FI is
needed.
As shown in Fig. 9, the KI solution from the computations shows
a slight dependence on t/a. This suggests that as t/a increases, the
effects of the thickness increase and the computational solutions
will deviate from those based on the thin plate theory. In order
to validate the closed-form KI solutions based on the thin plate the-
ory, more attention should be paid on the computational solutions
for small t/a’s. The investigation is continued based on the assump-
tion that the geometry factor FI has a weak dependence on t/a for
small values of t/a. Based on the standard of AWS (2000), the cor-
ner radius r are determined based on the bendability of the sheet
material and is usually very small. According to the elementary
beam theory, the corner radius r shows weak effects on the
constraint of the ﬂanges, which has signiﬁcant effects on the KIsolutions. Therefore, the effects of small r/a’s on the KI solutions
should be very small and therefore are not considered initially.
As can be seen in Eq. (6), FI is a function of the three normalized
geometric parameters W/a, L/a, and r/a. The number of computa-
tions is too large for a full-scale numerical investigation of the geo-
metric functions FI with the complex coupling effects of the three
parameters W/a, L/a, and r/a. Therefore, a small value of L/a is cho-
sen where the effects of the counter bending moment caused by
the opening loads and the specimen length are supposedly mini-
mized. Then a small value of r/a is chosen where the effects on
the ﬂange constraint are supposedly minimized. Finally, L/
a = 3.97 and r/a = 0 are taken based on the specimens in the AWS
(2000).3.2. Normalized half specimen width W/a
Now, the effects of W/a on the geometric factor FI are investi-
gated. Fig. 10 shows the normalized KI solutions at the critical loca-
tions (point A and point B as shown in Fig. 1) as functions of W/a
based on the three-dimensional ﬁnite element computations with
t/a = 0.20, L/a = 3.97, r/a = 0, and H/a = 7.94, the analytical solution
of Zhang (2001) for double-U specimens in Eq. (1), and the analyt-
ical solution of Zhang (2001) for Chrysler specimens in Eq. (2). The
range of the ratio W/a is selected from 2.0 to 40.0. The normalized
KI solutions based on the computational results, the analytical
solution of Zhang (2001) for double-U specimens, and the analyti-
cal solution of Zhang (2001) for Chrysler specimens are denoted aseKI FEM; eKI DoubleU, and eKI Chrylser, respectively. The KI solutions
are normalized by the analytical solution of Zhang (2001) in Eq. (1)
without nD. Therefore, eKI FEM represents the geometric factor FI for
t/a = 0.20, L/a = 3.97, and r/a = 0 according to Eq. (6).
As shown in Fig. 10, FIdecreases signiﬁcantlywhenW/a increases
and levels off whenW/a is greater than 7.94. AsW/a decreases from
3.97, FI increases signiﬁcantly. As 3.97 <W/a < 7.94, the rate of
decrease slows down as W/a increases. When W/a increases from
7.94, FI appears to be relatively constant as W/a increases further.
As shown in Fig. 10, FI is higher than eKI Chrylser and eKI DoubleU.
The general trends of eKI Chrylser and FI are similar when
700 P.-C. Lin, D.-A. Wang / International Journal of Solids and Structures 47 (2010) 691–7043 6W/a 6 3.97. Note that the analytical solution of Zhang (2001) for
Chrysler specimens is applicable as 3 6W/a 6 7. The difference ofeKI Chrylser appears to be constant when W/a decreases. On other
hand, the general trends of eKI DoubleU and FI are similar when
W/aP 3.97. The difference of eKI DoubleU gradually decreaseswhen
W/a increases and appears to be constant whenW/a increases from
7.94. As shown in Fig. 10, the KI solutions for ﬁnite ratios of W/a’s
based on Zhang’s solutions are underestimated. In addition, the
maximum differences of Zhang’s analytical solutions occur near
W/a = L/a = 3.97 where the specimen widthW and specimen length
L both appear to have signiﬁcant effects on FI. These probably can be
attributed to that Zhang’s KI solutions cannot consider the effects of
the specimen widthW and specimen length L together as discussed
earlier.
As shown in Fig. 10, the normalized KI solutions do not change
signiﬁcantly asW/a changes for largeW/a’s. In order to understand
the effects of L/a on the KI solutions, ﬁnite element models are
developed for specimens with the ratios of t/a = 0.20, W/a = 7.94,
H/a = 7.94 and r/a = 0. Note that the number of computations is
too high if the effects of L/a for different values of W/a were inves-
tigated. Therefore, a large value of W/a with minimum width
effects is chosen to avoid the complex coupling effects between
W/a and L/a. A small value of r/a with minimum effects on the
ﬂange constraint is also chosen to avoid the complex coupling
effects of L/a and r/a.3.3. Normalized half specimen length L/a
Now, the effects of L/a on the geometric factor FI are investi-
gated. The three-dimensional ﬁnite element models have different
values of the half specimen length L with the half specimen width
W, the nugget radius a, the sheet thickness t, the ﬂange height H,
and the corner radius r being ﬁxed. Fig. 11 shows the normalized
KI solutions at the critical locations (point A and point B as shown
in Fig. 1) as functions of L/a based on the three-dimensional ﬁnite
element computations with t/a = 0.20, W/a = 7.94, r/a = 0, and H/
a = 7.94 and the analytical solution of Zhang (2001) for double-U
specimens in Eq. (1). The range of the ratio L/a is selected from 2
to 40. The normalized KI solutions based on the computational
results and the analytical solution of Zhang (2001) for double-U0 5 10 15 20 25 30 35 40
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Fig. 11. The normalized KI solutions at the critical locations (point A and point B as
shown in Fig. 1) as functions of L/a based on the three-dimensional ﬁnite element
computations for t/b = 0.2, W/a = 7.94, H/a = 7.94 and r/a = 0 and the analytical
solution of Zhang (2001) for double-U specimens in Eq. (1), are marked as eK I FEM
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The KI solutions are normalized by the analytical solution of Zhang
(2001) in Eq. (1) without nD. Therefore, the normalized KI solutions
here represent the geometric factors FI for t/a = 0.20, W/a = 7.94,
and r/a = 0 according to Eq. (6). Note that the analytical solution
of Zhang (2001) for Chrysler specimens in Eq. (2) is not applicable
as W/a = 7.94.
As shown in Fig. 11, FI decreases signiﬁcantly when L/a in-
creases and levels off when L/a is greater than 11.91. As L/a de-
creases from 5.16, FI increases signiﬁcantly. As 5.16 < L/a < 11.91,
the rate of decrease slows down as L/a increases. When L/a in-
creases from 11.91, FI appears to be relatively constant as L/a in-
creases further. This result indicates that the effects of the
specimen length or the ﬂange constraint on the geometric factor
FI fade away when L/a is larger than 11.91. As shown in Fig. 11,
the general trends of FI and eKI DoubleU are similar as 3 6 L/a 6 7.
Note that the analytical solution of Zhang (2001) for Double-U
specimens is applicable as 3 6 L/a 6 7. The difference ofeKI DoubleU slightly decreases when L/a decreases from 7.0 and
then gradually increases when L/a decreases from 6.35. Note that
this computational result can be used to estimate the important
geometric factor gc of Lin and Pan’s analytical solution.
3.4. Normalized corner radius r/a
Finally, in order to investigate the effects of r/a on the geometric
factor FI, the three-dimensional ﬁnite element models have differ-
ent values of the corner radius r with the half specimen length L,
the half specimen widthW, the nugget radius a, the sheet thickness
t, and the ﬂange height H being ﬁxed. Fig. 12 shows the normalized
KI solutions at the critical locations (point A and point B as shown
in Fig. 1) as functions of r/a based on the three-dimensional ﬁnite
element computations for t/a = 0.20, W/a = 7.94, L/a = 11.91 and H/
a = 7.94. The computational KI solutions, denoted by eKI FEM, are
normalized by the analytical solution of Zhang (2001) in Eq. (1)
without nD. Therefore, the normalized KI solutions here represent
the geometric factors FI for t/a = 0.20, W/a = 7.94, and L/a = 11.91
according to Eq. (6). The range of the ratio r/a is selected from 0
to 3.125. As shown in Fig. 12, FI slowly decreases as r/a increases.
The average value of FI is nearly 0.88. This result indicates that
the effects of r/a on the geometric factor FI are quite weak in
contrast to those of t/a, W/a and L/a.1.2
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Based on the results of the ﬁnite element computations, the
functional dependence of the geometric factor FI on W/a, L/a, and
r/a are investigated under the conditions with minimum coupling
effects of W/a, L/a, and r/a. As shown in Fig. 10, the inﬂuence ofW/
a’s on the geometric factor FI is weak for W/a > 7.94. As shown in
Fig. 11, the inﬂuence of L/a’s on the geometric factor FI is weak
for L/a > 11.91. As shown in Fig. 12, the inﬂuence of r/a’s on the
geometric factor FI is weak for the range investigated. Therefore,
for U-shape specimens withW/a > 7.94, L/a > 11.91, and a small ra-
tio of r/a, the dependence of the geometric factor FI onW/a, L/a, and
r/a is minimum. Note that the U-shape specimens should be con-
strained by spacers during testing based on the research work of
Lee et al. (1998) and the standard of AWS (2000). As discussed ear-
lier, the effect of the ﬂange height on the KI solution of U-shape
specimens with spacers is negligible. Therefore, the ﬂange height
can be taken arbitrarily. For engineering applications, a U-shape
specimen with W/a > 7.94, L/a > 11.91, a small ratio of r/a, and an
appropriate ratio of H/a is proposed. This can be used as a design
guideline for U-shape specimens in the future.
For spot welds under high-cycle fatigue conditions, the plastic
zone size at the crack tip in general is small compared with other
geometric parameters of the specimen in lower load ranges and
becomes relatively large in higher load ranges. Based on the frac-
ture mechanics, the effects of the crack tip plasticity on the stress
intensity factors can be negligible for lower load ranges but be-
come signiﬁcant for higher load ranges. Based on the approxima-
tion approach of Irwin (1960), the plastic zone size can be
estimated by a radius ry (=(KI/ry)2/2p) where ry is the yield stress
of the sheet material. Then, the effect on the stress intensity factors
can be approximately corrected by substituting an effective nugget
radius aeff (=a–ry) for the nugget radius a in Eq. (6). Note that this
approximation approach is only suggested for the mode I stress
intensity factor solutions of spot welds. For combined-mode load-
ing conditions, further investigation is needed to consider the ef-
fects of the crack tip plasticity on the stress intensity factors of
spot welds.
Next, the functional form of the geometric factors gc and hc for
completing the analytical solutions of Lin and Pan (2008b) is ob-
tained by using the previous ﬁnite element computational results.
Note that the value of hc is always given as 1.0 as L >W since the
ﬂanges should be constraint by spacers during testing. Therefore,
only the functional form of gc is needed. As discussed earlier, as
L =W, the value of gc is given as 1.0; however, as L >W, the value
of gc is still undetermined. Accordingly, the geometric factor gc
has strong dependence on the specimen length L and specimen
width W. For simplicity, the aspect ratio of the specimen L/W is
considered for the functional form of gc. Therefore, the counter
bending moment per unit length eMc in Eq. (5), caused by the ﬂange
constraint, can be rewritten as
eMc ¼ gcðL=WÞ F½a2  b02 þ 2a2 lnðb0=aÞ
4pða2  b02Þ
þ
eMb
2
ð7Þ
In order to derive gc as a function of L/W, the computational re-
sults shown in Fig. 11 should be ﬁrst transferred to those as func-
tions of L/W. By using the curve ﬁtting approach, an approximate
geometric function gc in terms of L/W is then given as
gcðL=WÞ ¼ 0:5þ
L
2W
 ðW=LÞ
ð8Þ
Next, a comparison of the computational results as functions of
L/Wwith the modiﬁed analytical solution of Lin and Pan (2008b) in
Eq. (3), (4), (7) and (8) is considered here. Note that the computa-
tional results here are transferred from those as shown in Fig. 11.Fig. 13 shows the normalized KI solutions at the critical locations
(point A and point B as shown in Fig. 1) as functions of L/W based
on the computational results as shown in Fig. 11, denoted byeKI FEM, and the modiﬁed analytical solution of Lin and Pan
(2008b) in Eq. (3), (4), (7) and (8), denoted by eKI Lin&Pan. The KI
solutions are normalized by the analytical solution of Zhang
(2001) in Eq. (1) without nD, denoted by K

I . Fig. 13 shows that
the general trend of eKI Lin&Pan agrees very well with that ofeKI FEM. As shown in Fig. 13, eKI Lin&Pan is a bit higher thaneKI FEM. The difference of eKI Lin&Pan gradually decreases when
L/W increases and then becomes nearly constant when L/W in-
creases from 1.5. This indicates that the approximate geometric
function gc in Eq. (8) works very well.
A comparison of the existing computational stress intensity fac-
tor solutions with the computational results mentioned in the pre-
vious section is then considered. The result from a simpliﬁed ﬁnite
element computation of Radaj et al. (1990) is selected. First, the KI
solutions at the critical locations normalized by KI obtained from
the computation results shown in Fig. 6 (listed as Lin and Wang
(2009)) and Radaj et al. (1990) without consideration of the effects
of t/a,W/a, L/a, and r/a are listed in Table 3. As listed in Table 3, the
validity of the two solutions cannot be judged easily. Next, the ef-
fects ofW/a, L/a, and r/a are considered. Table 4 lists the values of FI
for t/a,W/a, L/a, H/a, and r/a of the specimens used in Fig. 6 and Ra-
daj et al. (1990). Note that the aspect ratio L/W of the specimens
used in Fig. 6 and Radaj et al. (1990) are both identical to 1. The
ﬂanges of the specimens used in Fig. 6 and Radaj et al. (1990) are
assumed to be constrained by the spacers. Also note that r/a for
the specimen of Radaj et al. (1990) is not available. Based on the
computational results in Fig. 12, the effects of r/a in general are
quite weak and neglected here. Therefore, only the effects of W/a
and L/a on the geometry factor FI are considered for the specimens
used in Fig. 6 and Radaj et al. (1990).
Based on the interpolation approach proposed in Wang et al.
(2005b), the geometry factor FI can be obtained by a three-step
interpolation approach to consider the effects of W/a, L/a and r/a
on the geometry factor FI. For the solution of Radaj et al. (1990),
the geometry factor FI can be obtained by a two-step interpolation
Table 3
Normalized computational KI solutions at the critical locations by K

I from the
computational results shown in Fig. 6 (listed as Lin and Wang (2009)) and Radaj et al.
(1990).
KI=K

I
Lin and Wang (2009) 1.84
Radaj et al. (1990) 1.04
Table 4
Values of FI for different specimen geometries of Lin and Wang (2009) and Radaj et al.
(1990).
t/a W/a L/a H/a r/a FI
Lin and Wang (2009) 0.20 3.97 3.97 7.94 0 1.84
Radaj et al. (1990) 0.40 8.00 8.00 16.0 N/A 1.056
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Fig. 14. The normalized KI solutions at the critical locations (point C and point D as
shown in Fig. 1) as a function of t/a based on the three-dimensional ﬁnite element
computations and the simpliﬁed ﬁnite element computations of Radaj et al. (1990).
The normalized KI solutions based on the ﬁnite element computations and the
simpliﬁed ﬁnite element computations of Radaj et al. (1990) are marked as FEM and
Radaj et al. (1990), FEM, respectively.
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interpolation approach is still described here for the completeness
of the paper. First, the initial values of FI are obtained from Fig. 10
by linear interpolation to account for the effects of W/a. Note that
the results presented in Fig. 10 are for specimens with L/a = 3.97, r/
a = 0, and t/a = 0.2. Then, the initial value of FI is multiplied by the
ratio of FI for a given L/a to FI for L/a = 3.97 interpolated from the
results presented in Fig. 11 for specimens with W/a = 7.94, r/
a = 0, and t/a = 0.2. Finally, the value of FI is multiplied by the ratio
of FI for a given r/a to FI for r/a = 0 interpolated from the results pre-
sented in Fig. 12 for specimens with W/a = 7.94, L/a = 11.91, and t/
a = 0.2. Table 4 lists the values of FI for the two cases. As listed in
the table, FI is much greater than 1 for the specimen used in
Fig. 6 and is a bit greater than 1 for the specimen used in Radaj
et al. (1990). Note that the interpolation approach is approximate
in nature since no result can be used to account for the coupling
effects of W/a, L/a, and r/a in this investigation.
Table 5 lists the normalized KI solutions at critical locations by
FIK

I . As listed in Table 5, the normalized KI solution of Radaj et al.
(1990) equals 0.985. This indicates that the geometric functions FI
based on the computational results are indeed needed and useful
to scale the KI solutions. Note that the effects of t/a and r/a cannot
be accounted for by FI, and the coupling effects of W/a, L/a and r/a
cannot be accounted for based on the interpolation method. The
determination of FI is based on the computational results for the
small ratio of t/a = 0.2.
Here, the effects of t/a on the KI solutions can be considered
based on the weak functional dependence of KI solutions on t/a
shown in Fig. 9 for specimens with W/a = 3.97, L/a = 3.97, H/
a = 7.94, and r/a = 0. Fig. 14 shows the normalized KI solutions at
the critical locations (point A and point B as shown in Fig. 1) based
on the three-dimensional ﬁnite element computations and the
simpliﬁed ﬁnite element computation of Radaj et al. (1990). Here,
the KI solutions are normalized by FIK

I . As shown in Fig. 14, the
normalized KI solution based on the simpliﬁed ﬁnite element com-
putations of Radaj et al. (1990) for t/a = 0.4,W/a = 8, L/a = 8, and H/
a = 16 is slightly lower than the computational solutions. The pos-
sible reason is that Radaj et al. (1990) used the plate element and
brick element to represent the sheet and weld nugget, respectively.
However, the ﬁnite element model investigated here use brickTable 5
Normalized computational KI solutions at the critical locations by FIK

I for different
specimen geometries of Lin and Wang (2009) and Radaj et al. (1990).
KI=FIK

I
Lin and Wang (2009) 1.00
Radaj et al. (1990) 0.985elements for the whole specimen. Therefore, as t/a increases, the
thick effects increase and the computational solution of Radaj
et al. (1990) slightly deviates from the computational results.
As another application of the computational results obtained in
this paper, the accurate stress intensity factor solutions are utilized
to correlate the existing experimental data. Here, the experimental
data for spot welds in various U-shape specimens under cyclic
opening loading conditions in Mizui et al. (1988) and Kang et al.
(2000) are selected. Table 6 lists the average applied load ranges
DF at different fatigue lives for typical U-shape specimens (marked
by Ut) and Chrysler specimens with small and large spot welds
(marked by ChS and ChL, respectively) under cyclic opening load-
ing conditions in Mizui et al. (1988) and Kang et al. (2000). As
listed in Table 6, the load ranges of Ut specimens are much smaller
than those of ChL and ChS specimens. Note that probably due to
limited number of experimental data, the threshold value of the
applied load range for U-shape specimens still cannot be found
even when the fatigue life is up to 6  106 cycles.
Then, the effects of the geometric factor FI should be considered.
Table 7 lists the values of FI for t/a, W/a, L/a, H/a, and r/a of Ut, ChS
and ChL specimens used in Mizui et al. (1988) and Kang et al.
(2000). Note that r/a for the specimens of Mizui et al. (1988) and
Kang et al. (2000) is not available. The ﬂanges of these specimens
are constrained by the spacers. Therefore, only the effects of W/a
and L/a on FI are considered for these specimens. The geometry fac-
tors FI for Ut, ChS and ChL specimens can then be obtained based
on the aforementioned interpolation approach. As listed in theTable 6
The average load ranges DF at different fatigue lives for typical U-shape specimens
(marked by Ut) and Chrysler specimens with small and large spot welds (marked by
ChS and ChL, respectively) under cyclic opening loading conditions in Mizui et al.
(1988) and Kang et al. (2000).
Fatigue life (cycles) 3  103 104 105 3  105 106 6.2  106
DFUt (kN) N/A N/A N/A 0.69 0.59 0.39
DFChS (kN) 4.44 2.58 1.06 0.81 N/A N/A
DFChL (kN) 6.00 3.56 1.46 1.06 N/A N/A
Table 7
Values of FI for t/a, W/a, L/a, H/a, and r/a of Ut, ChS and ChL specimens.
t/a W/a L/a H/a r/a FI
Ut 0.47 8.33 8.33 16.7 N/A 1.035
ChS 0.64 6.20 15.6 9.20 N/A 0.919
ChL 0.40 3.88 9.75 5.75 N/A 1.083
Table 8
The stress intensity factor ranges DKI at different fatigue lives for Ut, ChS and ChL
specimens.
Fatigue life (cycles) 3  103 104 105 3  105 106 6.2  106
DKUtI MPa
ﬃﬃﬃﬃﬃ
m
p	 
 N/A N/A N/A 18.4 15.7 10.4
DKChSI MPa
ﬃﬃﬃﬃﬃ
m
p	 
 171.2 99.3 40.8 31.2 N/A N/A
DKChLI MPa
ﬃﬃﬃﬃﬃ
m
p	 
 163.2 96.8 39.8 30.2 N/A N/A
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Ut and ChL specimens. Finally, based on DF and FI listed in Tables 6
and 7, respectively, the mode I stress intensity factor rangesDKI for
Ut, ChS and ChL specimens at different fatigue lives are derived as
listed in Table 8. As listed in Tables 6 and 8, the experimental re-
sults for Ut, ChS and ChL specimens in terms of D KI become closer
to each other as compared to those in terms of the applied load
range. The accurate stress intensity factor solutions obtained from
the three-dimensional ﬁnite element analyses appear to be a good
fracture mechanics parameter to correlate the experimental fati-
gue data. Note that the fatigue data of spot welds are usually very
scatted. As discussed in Radaj et al. (2006), the relatively large scat-
ter of the fatigue data probably due to the imperfection of the weld
geometry, the variation of the microstructures near the weld nug-
get, or the existing of the residual stress.
5. Conclusions
Three-dimensional ﬁnite element analyses are carried out to
investigate the stress intensity factor solutions for spot welds at
the critical locations in U-shape specimens. The mode I stress
intensity factor solutions at the critical locations (point A and point
B as shown in Fig. 1) for spot welds in U-shape specimens are ob-
tained by three-dimensional ﬁnite element computations. The
solutions can be correlated with those based on the analytical solu-
tions of Zhang (2001) with new geometric functions in terms of the
normalized specimen width, normalized specimen length, and nor-
malized corner radius. The computational results conﬁrm the func-
tional dependence on the nugget radius and sheet thickness of the
stress intensity factor solutions of Zhang (2001). The computa-
tional results indicate that as the normalized specimen width in-
creases signiﬁcantly, the geometric function appears to be
relatively constant. As the specimen length increases signiﬁcantly,
the geometric function for double-U specimen also appears to be
relatively constant. As the normalized corner radius changes signif-
icantly, the geometric function slightly decreases. In the meantime,
the computational results also provide a geometric function in
terms of the aspect ratio of the specimen to complete the analytical
solution of Lin and Pan (2008b). Finally, based on the analytical and
computational results, the dimensions of U-shape specimens are
suggested. Note that the geometric functions can be complex func-
tions of the normalized sheet thickness, normalized specimen
width, normalized specimen length, and normalized corner radius.
Therefore, consideration of the geometric functions for stress
intensity factor solutions can be useful to examine the existing fa-
tigue data for spot welds in U-shape specimens of various dimen-
sions. The use of the stress intensity factor solutions to predict the
fatigue lives of spot welds has been addressed in Newman andDowling (1998), Lin and Pan (2004), Lin et al. (2006), Lin et al.
(2008a,b) and Tran et al. (2008) for fatigue life prediction of resis-
tance spot welds and friction stir spot welds in lap-shear
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